We present a study of the behavior of Saturn's A ring outer edge, using images and occultation data obtained by the Cassini spacecraft over a period of 8 years from 2006 to 2014. More than 5000 images and 170 occultations of the A ring outer edge are analyzed. Our fits confirm the expected response to the Janus 7:6 Inner Lindblad resonance (ILR) between 2006 and 2010, when Janus was on the inner leg of its regular orbit swap with Epimetheus. During this period, the edge exhibits a regular 7-lobed pattern with an amplitude of 12.8 km and one minimum aligned with the orbital longitude of Janus, as has been found by previous investigators. However, between 2010 and 2014, the Janus/Epimetheus orbit swap moves the Janus 7:6 LR away from the A ring outer edge, and the 7-lobed pattern disappears. In addition to several smaller-amplitudes modes, indeed, we found a variety of pattern speeds with different azimuthal wave numbers, and many of them may arise from resonant cavities between the ILR and the ring edge; also we found some other signatures consistent with tesseral resonances that could be associated with inhomogeneities in Saturn's gravity field. Moreover, these signatures do not have a fixed pattern speed. We present an analysis of these data and suggest a possible dynamical model for the behavior of the A ring's outer edge after 2010.
Introduction
The saturnian satellite system is endowed with an unusually large number of orbital resonances (Peale 1986) . Among these are several small satellites in corotation resonances like Anthe, Methone and Aegaeon (El Moutamid et al. 2014) , and Trojan satellites that are in 1:1 resonance with the medium-sized moons Tethys and Dione (Murray et al. 2005; Robutel et al. 2012) , as well as the pair of co-orbital satellites, Janus and Epimetheus. The latter are unique in the solar system, and represent an extreme form of 1:1 resonance where the two bodies are similar in mass. Both objects share a common mean orbit, with a period of ∼ 16.7 hours, but at any given instant their semimajor axes differ by ∼ 48 km (see Fig. 1 ) and their mean motions by 0.25 • day −1 . Their mean radii are 89.2 ± 0.8 and 58.2 ± 1.2 km, respectively (Thomas et al. 2013 ).
Every four years, the two moons approach one another closely, exchange angular momentum via their mutual gravitational attraction and then recede again, having switched their relative orbital radii (Murray and Dermott 1999) . At each orbital exchange, Janus' semimajor axis shifts inwards or outwards by ∼ 21 km while that of Epimetheus shifts in the opposite direction by ∼ 76 km, reflecting their mass ratio of 3.6. Their overall configuration repeats itself every 8.0 years. Their relative motion is analogous to the horseshoe libration of a test particle in the restricted three body problem around the Lagrange points L 4 and L 5 . In a reference frame rotating at their long-term average mean motion, Janus moves in a small, bean-shaped orbit, while the less massive Epimetheus moves in a more elongated horseshoe-type orbit. The reader is referred to Yoder et al. (1983) or Murray and Dermott (1999) for a more detailed description of the dynamics involved, supported by numerical integrations. The relative libration amplitudes of the two moons combined with their observed libration period make it possible to determine their individual masses quite accurately, despite their relatively small sizes (Yoder et al. 1989; Nicholson et al. 1992) .
Current estimates for the mean orbital elements, masses and radii of the coorbital moons are based on observations by the Cassini spacecraft, combined with earlier Voyager and ground-based measurements (Jacobson et al. 2008 ). In Fig. 1 we illustrate the predicted variations in both satellites' semimajor axes over a period of 12 years, based on a numerical integration with initial conditions obtained for epoch 2004 from the JPL Horizons on-line database. This diagram illustrates two aspects of their motion that should be kept in mind: (1) neither satellite's semimajor axis is precisely constant even when the two bodies are far apart, and (2) the actual orbital exchanges are not instantaneous, but occur over a period of a few months, or quite slowly relative to orbital timescales.
Many of Saturn's satellites generate observable features within the planet's extensive ring system, either in the form of spiral density waves driven at mean motion resonances or at the sharp outer edges of several rings (Tiscareno et al. 2007; Colwell et al. 2009 ). In addition to driving several strong density waves, as well as numerous weaker waves (Tiscareno et al. 2006) , the coorbital satellites appear to control the location and shape of the outer edge of the A ring. Based on a study of Voyager imaging and occultation data, Porco et al. (1984) concluded not only that this edge is located within a few km of the Janus/Epimetheus 7:6 ILR, but that it exhibits a substantial 7-lobed radial perturbation that rotates around the planet at the same rate as the satellites' average mean motion. The situation appeared to be quite analogous to the control of the outer edge of the B ring by the Mimas 2:1 ILR, also studied by Porco et al. (1984) . But the limited quantity of high-resolution Voyager data, combined with the fact that the Voyager 1 and 2 encounters were separated by only 9 months, meant that it was not possible to examine the effect of the coorbital Fig. 1 .-This figure displays the orbital semimajor axes -computed from the epicyclic theory (Renner and Sicardy 2006) -of Saturn's small moons Janus (blue) and Epimetheus (red) over 12 years. The two moons occupy very nearly the same mean orbit and swap orbital positions relative to Saturn once every four years, with Janus moving by ±21 km and Epimetheus by ±76 km. Their mean orbital separation is ∼ 48 km, less than the physical radius of either body. The long-term mean semi-major axis is 151, 451.6 km (Jacobson et al. 2008 ).
swap on the ring edge. 1 The Cassini mission, launched in 1997, arrived at the Saturn system in July 2004 and the spacecraft has been taking data continuously for over 10 years. In this time, it has been able to observe the effects of the coorbital satellites' orbital exchanges in January 2006, January 2010 and in January 2014. During this period, over 30 sequences of images covering most of the circumference of the A ring edge have been obtained, to study both the F ring and the outer edge of the A ring, and over 150 stellar and radio occultation experiments have been performed. This dataset provides the first opportunity to study the behavior of the A ring edge throughout the complete 8-year coorbital cycle, including both configurations of the Janus-Epimetheus system. At the time of Cassini's orbital insertion, Janus was the outer satellite, similar to the situation in 1980/81 when the Voyager flybys occurred. At this time, Janus' 7:6 ILR was located at a radius of 136,785 km, approximately 15 km exterior to the mean radius of the A ring's outer edge. The Epimetheus 7:6 resonance was located ∼ 28 km interior to the ring edge. In January 2006, the first orbital swap occurred and Janus moved to the inner position, with its ILR now located at 136, 766 km, only ∼ 4 km interior to the ring edge. Four years later, in January 2010, Janus again moved to the outer position and its ILR moved away from the ring edge. Fig. 2 illustrates the changing geometry of the satellites' orbits and the corresponding locations of the two 7:6 Lindblad resonances. Fig. 2. -Cartoon illustrating the effect on the locations of the 7:6 ILRs with Janus and Epimetheus of their periodic orbital exchange. Dashed lines indicate the mean radius of the A ring edge at 136,770 km, and the mean semimajor axis of the satellites. Although the overall system is not shown to scale, the relative orbital positions of the two satellites and the different resonance locations are drawn to a common scale, as indicated by the scale bars. At each orbital swap, Janus' semimajor axis changes by ±21 km and the corresponding resonance location moves by ±19 km. The Epimetheus resonance likewise follows that of the smaller moon, shifting by ±69 km. It is located 43 km either exterior or interior to the Janus resonance. Spitale and Porco (2009) analyzed a series of 24 Cassini imaging sequences of the outer A ring, obtained between May 2005 and February 2009, in order to characterize the shape of the outer edge. Starting about 8 months after the co-orbital swap in January 2006, they found a strong m = 7 radial perturbation rotating at a rate of 518.354 ± 0.001 • day −1 which closely matched the mean motion of Janus at that time. The mean radial position of the edge was found to be 136, 769 km and the amplitude of the m = 7 variation was 14.4 ± 0.4 km. One minimum of this pattern was approximately aligned with Janus, as expected for resonant forcing. Prior to January 2006, however, the Cassini mosaics showed a more irregular and disorganized appearance, with no clear periodicity and radial amplitudes as small as 4 − 5 km. Spitale and Porco (2009) ascribed this to a period of readjustment associated with the change in location of the 7:6 resonance in January 2006. They also noted that a similar readjustment might account for the smaller amplitude (6.7 ± 1.5 km) and slightly lower pattern speed obtained by Porco et al. (1984) from Voyager observations, most of which were made only 5 months prior to the January 1982 coorbital swap.
This paper is organized as following: In Section 2 we present some theoretical background useful for our data analysis; the data are described in Section 3, our main results are presented in Section 4, and finally, in Section 5 we propose some possible explanations and interpret our results.
Theoretical background
We begin by assuming that the ring edge is perturbed by resonant interactions, specifically by an inner or outer Lindblad resonance (ILR or OLR) and/or normal modes. Following the notation of Nicholson et al. (2014a,b) , for each such resonance or mode the radius of the edge may be described by
where r and λ are the orbital radius and inertial longitude, respectively, of a ring particle at a given time t, a and e are the semi-major axis and orbital eccentricity of streamlines at the ring edge, m is an integer describing the resonance, t 0 is a reference epoch (assumed here to be J2000), and Ω p is the appropriate pattern speed. The phase angle δ m is the longitude of one of the m minima at time t = t 0 . The pattern speed is given by
where n is the ring particle's keplerian mean motion and˙ is the local apsidal precession rate, as determined by the planet's zonal gravity harmonics. For m > 0 this equation describes either an ILR or an ILR-type normal mode with Ω p < n, while for m < 0 we have either an OLR or an OLR-type mode with Ω p > n.
At the outer edge of the A ring, where a 136, 770 km, we have n = 604.22 • day −1 anḋ 2.95 • day −1 , so that the expected pattern speed for a free m = 7 mode is Ω p = 518.321 • day −1 .
This closely matches that of forced perturbations by the Janus 7:6 ILR, which are expected to have m = 7 and Ω p 518.3456 • day −1 when Janus is the inner satellite and Ω p = 518.2380 • day −1 when it is the outer satellite (i.e., after January 2010). We note that the above frequencies are calculated using the epicyclic theory (Renner and Sicardy 2006) .
To interpret image sequences, it is necessary to shift the central longitude of each image to a common reference epoch t 0 using an assumed pattern speed Ω * . The resulting image is labeled by the comoving longitude coordinate
where t 0 is the reference epoch of J2000. Usually, we assemble all the images from a single sequence into a mosaic in radius/comoving longitude (r, θ) coordinates.
Returning to our model in Eq.
(1), we can rewrite this in terms of comoving longitude by using Eq. (3) to set λ − Ω p (t − t 0 ) = θ + (Ω * − Ω p )(t − t 0 ). The predicted radial perturbation becomes
If Ω * = Ω p , we have selected the comoving frame to be identical to the frame in which the pattern is stationary, with m lobes and one minimum at θ = δ m . On the other hand, if Ω * = Ω p , then individual frames will have their minima offset by δΩ(t i − t 0 ), where δΩ = Ω p − Ω * , and the pattern in the mosaic will differ from this simple picture. A common approach, and one that we adopt here, is to assume initially that Ω * = n, the local keplerian mean motion. Assuming also that the observed perturbations are due to a Lindblad resonance located at or near the edge (or to a normal mode), then we have δΩ = (−n +˙ )/m = −κ/m, where κ is the local epicyclic frequency. Over the course of one orbital period (T = 2π/n), the last frame will have its minimum shifted relative to the first frame by −2πκ/nm or, since κ n, by approximately one lobe of the m-lobed pattern. This has the effect of stretching out the pattern so that it appears to have m − 1 lobes in 360 • .
A more formal way to see this is to rewrite Eq. (4) to eliminate the explicit time dependance, by noting that
and
If we now set Ω * = n, this expression simplifies to
where again κ is the local epicyclic frequency, so that we have
Substituting this into Eq. (4), we have
Since κ/n 1+O(J 2 [R p /a] 2 ), where J 2 is the second zonal gravity harmonic and R p is Saturn's equatorial radius, the pattern of radial perturbations for m > 0 (i.e., for ILR-type modes) will have approximately m−1 lobes in comoving coordinates with one minimum at θ min (mδ m −λ)/(m−1). However for m < 0 (i.e., OLR-type modes), the pattern has approximately |m| + 1 lobes, with one minimum at θ min (|m|δ m − λ)(|m| + 1). Note that it is, in general, impossible to determine from a single image sequence that exhibits m radial lobes whether this perturbation is due to an ILR with |m| = m + 1 or an OLR with |m| = m − 1. Only by combining mosaics obtained at different times can we determine Ω p and thus establish the true identity of the resonance or normal mode.
For the predicted m = 7 perturbation associated with the Janus 7:6 ILR, we thus expect to see a 6-lobed radial pattern in mosaics assembled with Ω * = n, with a phase that depends on the inertial longitude of the particular image sequence, as well as the orbital longitude of Janus.
Returning to Eq. (4), for an arbitrary value of Ω * we have
which can be simplified to
So, if the inertial longitude of the images, λ is constant, then the azimuthal wavelength of the radial pattern is given by
Note that for Ω * = Ω p and Ω * = n we recover the special cases discussed above. This expression enables us to reinterpret periodic radial perturbations observed in individual movies, even if the assumed pattern speed Ω * turns out to differ from the true pattern speed Ω p . Note that if the pattern speed is not given by Eq. (2), there need not necessarily be an integer number of wavelengths in 360 degrees.
Finally, we consider briefly the question of whether, when the resonance moves outwards by 19 km, the mean radius of the ring edge should do likewise. A simple calculation of the time taken for an unconstrained ring to spread a distance ∆ r via collisional interactions yields the expression:
where ν is the effective kinematic viscosity. A rough estimate of ν is provided by the standard expression for non-local viscosity (Goldreich and Tremaine 1982) 
where c is the RMS velocity dispersion. Adopting a plausible value of c = 0.1 cm/s (Tiscareno et al. 2007 ), corresponding to a ring thickness H ∼ c/n 8 m, and τ ∼ 0.5, we find that ν 65 cm 2 s −1 and t = 1800 years for ∆ r = 19 km. We therefore expect negligible radial spreading (∆ r ∼ 1 km) in 4 years.
Our observations confirm this. The most accurate absolute radii come from the occultation data, and the models in Table 8 indicate that the mean radius of the A ring's outer edge changed by only 2.2±1.1 km between 2006-2009 and 2010-2013 . Given the possibility of unregonized systematic errors in the analysis (e.g., missing terms in our model of the edge), we do not consider this shift to be significant.
Data analysis

Occultation data
In previous studies of the B ring edge and of sharp-edged features in the C ring (Nicholson et al. 2014a,b) we have assembled complete sets of radial optical depth profiles for the rings from both radio and stellar occultation data. This combined dataset contains over 170 cuts across the outer edge of the A ring, of which 15 were obtained prior to the orbital swap in January 2006, 118 between January 2006 and the succeeding swap in January 2010, and 35 between January 2010 and January 2014. (A small number of occultations acquired since January 2014 have not yet been fully reduced and are not included here.) The radial resolution of these profiles varies from a few 10s of meters to ∼ 1 km, and the radii are computed to an internal accuracy of ∼ 200 m. Any systematic errors in the overall radius scale are believed to be less than 300 m (Nicholson et al. 2014a ).
We determine the radius of the outer edge of the A ring in each profile by fitting a standard logistic profile to the measured transmission as a function of radius to obtain the radius at half-light. Since the A ring edge is quite sharp, the uncertainty in the estimated radius is comparable to the resolution of the dataset, or < 1 km. The corresponding event time, as recorded on the spacecraft or at the ground station for radio occultations, is back-dated to account for light-travel time from the rings to yield the observation time, t. Together with the calculated inertial longitude of each cut, λ, derived from the spacecraft ephemeris and the stellar or Earth direction with respect to Cassini, this completes our data set.
In order to determine the parameters of the edge, we fit the measured radii with Eq. (1), using a nonlinear least-squares routine based on the Leavenburg-Marquardt algorithm. This well-tested routine is the same as that used by Nicholson et al. (2014a) to fit the B ring edge. Our nominal model includes an m = 7 ILR-type perturbation, due to the Janus 7:6 resonance, plus one or more normal modes as required. The latter are first identified with the aid of a spectral-scanning routine, where, for an assumed value of m, multiple fits are carried out for a range of pattern speeds in the neighborhood of that predicted by Eq. (2). In order to minimize aliasing, we first remove any already-identified modes from the data before scanning for additional modes, but in our final fits we solve for the parameters of all identified modes simultaneously. For more details and examples, as well as a complete list of observations, the interested reader is referred to Nicholson et al. (2014a) .
Imaging data
The imaging data were obtained by the ISS Narrow-Angle Camera (NAC) on board the Cassini spacecraft between 2006 and 2014 (see Table 1 ). This table lists the 37 sequences analyzed here, including the identification (ID), which is the 4 first digits of the initial image in the sequence, the date, the time range in hours and the inertial longitude range in degrees.
For the majority of our imaging data, referred to in Cassini catalogs as "movies", each image in a sequence is targeted at approximately the same inertial longitude, λ with continuous coverage over a period of time which is comparable to the local orbital period T . For the A ring edge, T = 14.3 hours, while for the F ring (the target of many of our movies) it is 14.8 hours. In some cases, a single movie is composed of two or more shorter observations spread over a period of several days.
As an example, we choose movie number 23, which has 208 separate images taken over 12.88 hours and spans a 45 • range of inertial longitude. One of these images is shown in Fig. 3 . Here, as in many F movies (sets of images of the F ring), we can observe a segment of the outer edge of the A ring. We first navigated each image using background stars, using the technique described in detail by Murray et al. (2005) .
We then measured the radii of the outer edge of the A ring. First, the images were reprojected onto a longitude-radius grid, and then the pixel values at each longitude (i.e., for each vertical line in the reprojected image) were differentiated and fit to a gaussian to determine the radial location of the maximum slope in the observed brightness at that longitude. This method gives a robust sub-pixel determination of the edge location; radii determined at neighboring longitudes are typically consistent to within 0.1 pixels. For each reprojected image, we have up to 1000 radius measurements, and for each movie, around 10 5 data points versus inertial longitude and time.
Finally, we assembled all reprojected images for a given movie sequence into two mosaics in radius-longitude space, using Ω * = n and Ω * = n J . Table 1 ) taken in March 2009. Panels (a) and (b) are made in the Janus frame (Ω * = n J ) and the local keplerian frame (Ω * = n), respectively. Note that the gap in coverage is smaller in the local frame. Time increases from right to left, while co-moving longitude θ increases from left to right.
We analyze these data in two different ways :
As a first step, we plot the data for each movie in two different frames: in the Janus frame we plot radius versus Janus' corotating longitude (λ I − λ J ), while in the local or keplerian frame we plot radius versus local corotating longitude θ with Ω * = n, following Eq. 3. Then, after decimating (pick one sample out of ten) the raw data from 10 5 samples to 10 4 samples per movie, we carry out a frequency analysis of the edge using the Famous software (ftp://ftp.obsnice.fr/pub/mignard/Famous/). The latter uses a non-linear least-squares model to fit the data with a series of sinusoidal signals of arbitrary amplitude, frequency and phase. For a multi-periodic signal, once a frequency has been identified, the program removes this component from the signal; this process is then repeated a specified number of times. This method requires us first to choose a certain pattern speed, but the frequencies are not constrained a priori (i.e., Λ need not be 2π/m for integer m). In each fit, data from only a single movie are analyzed. Table 1 ) taken in August 2013. Panels (a) and (b) are made in the Janus frame (Ω * = n J ) and the local keplerian frame (Ω * = n), respectively. There is no gap in the local frame, in this case, as the movie's duration exceeds one orbital period.
Root Mean Square (RMS):
Once candidate values of m are determined by the Famous fits, we next attempt to extend these models over many movies (up to 4 years) by determining the phase of the periodic signal Φ in each movie (see Eq. 16 below). In this case, we assume a particular value of m and look for the best-fitting value of Ω p which minimizes the RMS phase difference, Ψ, between movies. Our procedure is as follows: first, for a range of pattern speeds, we calculate the corotating longitude of each data point for every trial value of the pattern speed as θ i = λ i − Ω p (t i − t 0 ), where t 0 is the J2000 epoch, chosen as a reference time. Then for each movie we compute the sum of cosine and sine terms as
where ∆ r is the difference in radius from the mean value of the edge (taken as 136, 770.0 km) and N is the number of data points in the movie (typically ∼ 10 4 ). Then we have for every value of Ω p , estimates of the phase Φ and amplitude A from:
This is equivalent to fitting the measured radii with a model :
The classical mean square phase variation is given by :
where M is the number of movies andΦ is the mean phase over all the movies for a given value of the pattern speed.
However, this formula creates problems because of the periodicity of the phase, which can lead to ambiguities of ±2π in the phase difference. To avoid this problem, we instead calculate a modified form of the mean square variation given by:
where the sum is over all distinct pairs of movies. This measure of the RMS variation treats phase differences of 2π as equivalent to 0. Examples of this method are given in the next section. 
Occultation data
The period between January 2006 and July 2009 contains the bulk of our occultation datasets, with a total of 118 useable profiles. The RMS scatter in the measured radii relative to a circular ring edge is 10.7 km, which is comparable to the amplitude of the variations reported by Spitale and Porco (2009) in imaging data from this period. As expected, the data show a strong m = 7 signature, with a radial amplitude of ∼ 12.5 km and a pattern speed very close to that of Janus' mean motion at the time, as illustrated in Fig. 6 . Our adopted best fit, as documented in Table 8 , yields a pattern speed Ω p = 518.3544 ± 0.0008 • day −1 and an amplitude of 12.9 ± 0.3 km. In this time interval, n J = 518.3456 • day −1 .
But the post-fit RMS residual with a pure m = 7 model is 5.6 km, which while much less than that of the raw data is still large compared to our measurement errors of ∼ 300 m. Further experiments with our spectral-scanning program unexpectedly revealed the existence of a substantial m = 5 ILR-type mode, with an amplitude of ∼ 5 km (see Fig. 7 ). Least-squares fits confirm the reality of this mode, and our adopted fit yields a corresponding pattern speed of 484.021±0.004 • day −1 , and amplitude 5.1 ± 0.6 km. When both modes are included, the post-fit residuals are reduced to 4.4 km. Further investigation indicated the presence of additional, weaker ILR-type normal modes with m = 3, 4, 6, 8, 9, 10 and 18 and amplitudes of 1.5-3.1 km (not plotted here). Our final adopted fit includes all nine modes, as documented in Table 8 , and has an RMS residual of 1.8 km.
In Fig. 8 , we plot the individual measured radii vs our best-fitting m = 7 and m = 5 models. Based on preliminary results from our analysis of the imaging data (see below), we also searched for evidence of OLR-type modes, but did not find anything significant.
Several lines of evidence suggest that the seven weaker modes are real, despite their small amplitudes. First, we observe each of these modes to move at the pattern speed expected for such normal modes, i.e., at the same rate as if they were forced by a Lindblad resonance, as given by Eq. (2) above. Second, in each case the fitted pattern speed corresponds to a resonant radius a res that is located only a few km interior to the mean ring edge, as expected for the resonant-cavity modes (Nicholson et al. 2014a ). Third, we note that, if these modes simply represented accidental minima in the radius residuals, then one would expect similar accidental OLR-type modes, which we do not see. For these fits the best-fitting m = 7 model from Fig. 6 was first subtracted from the raw data.
Imaging data
for one image sequence in Fig. 9 , with the corresponding least-squares fit parameters given in Tables  2 and 3 . This figure shows the radius measurements, along with the best-fitting sinusoidal models. Panels (a) and (b) show the measured radii for a movie obtained in January 2007, assembled using Ω * = n, the local keplerian mean motion. Panel (a) shows the dominant frequency only, while panel (b) shows the sum of all 9 fitted components to the edge. We note that the dominant frequency Table 8 , with dotted lines indicating the RMS residuals with respect to the overall model. has approximatively 6 lobes over 360 degrees. The other components, however, are not negligible. Panels (c) and (d) show data from the same movie sequence, but processed using Ω * = n J . In this case the dominant frequency is a sinusoid with 7 lobes over 360 degrees. Table 2 : Frequency analysis for the data in Fig. 9 , with Ω * = n. Table 1 ) obtained in January 2007, mosaicked in the keplerian frame (left panels) and in the Janus frame (right panels). Panels (a) and (c) show the dominant frequency in each frame (blue curves), while panels (b) and (d) show the combined signal of the all fitted components (green curves). Note that points are the data and the curves are the least-squares models. Table 3 : Frequency analysis for the data in Fig. 9 , with Ω * = n J . Tables 2 and 3 show the parameters of the largest three fitted components seen in Fig. 9 , with the frequency expressed in terms of the equivalent value of m 2 .
We note here that Equation (12) predicts that a signature with wavelength Λ in the local frame should appear with wavelength (n J /n)Λ ∼ (6/7)Λ in the Janus frame, which agrees with what we see in Tables 2 and 3 . We summarize our least-squares results for all of the image sequences obtained in 2006-2009 in Fig. 10 and Fig. 11 , in the form of scatter plots of amplitude versus frequency (expressed as the equivalent value of m). A complete list of fit parameters is given in Table 6 in the Appendix. Two sets of results are shown here, for Ω * = n (the local frame) and Ω * = n J . The amplitude of the dominant m = 7 periodicity in the Janus frame is typically 10-15 km, similar to the 12.8 km found for the occultation data, but in several cases the amplitude approaches 20 km. In addition to the expected dominance of m = 6 in the local frame, we also find evidence for an m 4 signature in many of the image sequences, with amplitudes of 5-10 km. In order to verify the role of the 7:6 Janus ILR in the pre-2010 data, we use Eq. (20) with m = 7 to calculate the RMS variation of the phase Ψ, between movies. The results are shown in Fig. 12 where we see a deep minimum at Ω p = 518.36 ± 0.1 • day −1 , coinciding with the mean motion of Janus in this period.
In order to compare with the occultation data results, we next carried out a similar analysis for m = 5, with the results shown in Fig. 13 . We found a strong minimum at Ω p = 485.75±0.25 • day −1 , but the difference of 1.7 • day −1 from that seen in the pre-2010 occultation data (cf. Fig 7) has no obvious explanation.
Although the concentration of periodic signals with m 4 in Fig. 10 in the local frame (i.e., Ω * = n) may indeed be due to such an m = 5 ILR-type normal mode, it is also possible that it reflects the existence of an m = 3 OLR-type mode, as pointed out in Section 2. This suggestion is motivated by the observation that the 3:4 tesseral resonance with Saturn itself (which is an OLR A scan for such an m = 3 OLR-type mode is shown in Fig. 14 , where we find a strong minimum at Ω p = 802.76 ± 0.5 • day −1 , though it is not so deep or narrow as that for m = 5 in Fig. 13 . This is within the range of rotation rates inferred from Saturnian radio emissions (Gurnett et al. 2007; Lamy et al. 2011) .
In this section, we have confirmed the strong influence of the 7:6 ILR when Janus was in its inner orbital position between 2006 and 2009. In addition to this result, we have identified an ILR-type normal mode with m = 5 in both occultation and imaging data. Moreover, we find in Figs. 10 and 11 that, besides the 7:6 signature, we have a persistent m 4 pattern in the keplerian frame. This could be a signature corresponding to a 3:4 OLR, with m = 4 in the local frame (or m = 3 in the Saturnian frame), where the pattern speed corresponding to this harmonic is close to the rotation rate of Saturn.
However, we acknowledge some difficulties with this interpretation. On the observational side, this signal seems absent in the occultation data during the same time interval, whereas on the theoretical side, we do not expect an OLR-type mode at an outer ring edge. At this time, we do not see a way to reconcile these viewpoints. 
Analysis of the data taken between 2010 and 2014
We now address the question of whether these patterns or others are present in the behavior of the A-ring's outer edge when Janus is orbiting in its outer position, such as it was between 2010 and 2014.
Occultation data
The period between June 2010 and July 2013 yielded a total of only 35 occultation profiles. This relatively small number reflects the fact that Cassini spent most of 2010 and all of 2011 in equatorial orbits, where ring occultations are difficult, if not impossible. Our data for this period thus come mostly from the period between July 2012 and 2013, with just two occultations in mid-2010. Relative to a circular ring edge, the RMS scatter in the measured radii is 8.4 km, slightly less than that seen before 2010 but still substantially larger than our measurement errors or systematic uncertainties of ∼ 300 m. Perhaps not surprisingly, since the Janus 7:6 ILR has now moved well outside the ring edge, the data show no evidence for a coherent m = 7 signature in this period, at least with a pattern speed close to that of Janus' mean motion.
However, our spectral-scanning program revealed the existence of two fairly strong ILR-type modes, one with m = 9 and the other with m = 12 (see Figs. 15 and 16 ). Least-squares fits again confirm the reality of both modes, with pattern speeds of Ω p = 537.450 ± 0.008 • day −1 and Ω p = 554.119 ± 0.005 • day −1 , respectively, and amplitudes of A m = 6.1 ± 1.2 km and 7.9 ± 1.4 km.
Complete sets of fit parameters are again given in Table 8 . Unlike the situation prior to 2010, we find no evidence for the existence of additional, weaker ILR-type normal modes in this period. Our adopted best fit thus consists of only the m = 9 and m = 12 modes and has a post-fit RMS residual of 4.3 km, significantly greater than that obtained for the pre-2010 data. Again, we find no evidence for OLR-type modes (i.e., modes with m < 0). 
Imaging data
We have carried out a similar analysis for the 9 imaging sequences taken between 2010 and 2013 as described in Section 4.1. Again because Cassini was on equatorial orbits in 2010 and 2011, all of the available data come from 2012 and 2013 (see Table 1 ). Frequency analysis confirms that the effect of the 7:6 Janus ILR disappears in this period after to 2010. However, other perturbations still affect the edge, including the m = 4 signature noted above in the 'local' frame.
Specifically, when mosaics are made using Ω * = n J = 518.24 • day −1 , the m = 7 pattern seen prior to 2010 is absent, and, if the data are instead mosaicked with Ω * = n = 604.22 • day −1 we do not see the familiar 6-lobed pattern. This behavior is illustrated in Fig. 18 for movie 29 with least-squares fit parameters given in Tables 4 and 5 . As in Fig. 9 , panels (a) and (b) show the measured radii of the A ring edge for Ω * = n, while panels (c) and (d) show the same measurements, but mosaicked with Ω * = n J .
Although the range between radii seen in Fig. 18 is similar to that in Fig. 9 , or ∼ 50 km peak-to-peak, the variation with longitude appears chaotic rather than quasi-periodic. A similar impression is gained by comparing the images themselves (Figs. 4 and 5 Table 4 : Frequency analysis for the data in Figure 18 with Ω * = n. Table 1 ) taken in May 2013, mosaicked in the keplerian frame (left panels) and in the Janus frame (right panels). Panels (a) and (c) show the dominant frequency in each frame (green curve), while panels (b) and (d) show the combined signal of the larger components (blue curve). Note that points are the data and the curves are the least-squares models. Table 5 : Frequency analysis for the data in Figure 18 with Ω * = n J . Fig. 19 (in the local frame) and Fig. 20 (in Janus frame) show the amplitude of the fitted edge variations for all of the image sequences in 2012-2013 versus m, for Ω * = n and Ω * = n J , respectively. The fit parameters are summarized in Table 7 in Appendix A. Note the dominance of m 4 perturbations in the local frame and the disappearance of the m = 7 pattern in the Janus frame.
In order to verify the absence of the 7:6 Janus ILR signature in the post-2010 period, we again calculate the RMS variations of the phase using Eq. (20), with results shown in Fig. 21 . We using Ω * = n J . Note the absence of a significant signal at m = 7 in the Janus frame.
see only a weak minimum at ∼ 518.1 ± 0.05 • day −1 , and nothing at the expected frequency of n J 518.24 • day −1 for this period. Also, we do not observe any clear signature from Epimetheus, which we would expect to see at a pattern speed of Ω E = 518.49 • day −1 . Finally, we checked again for an m = 3 OLR or an m = 5 ILR as potential explanations for the concentration of points near m = 4 seen in Fig. 19 . Fig. 24 shows a possible m = 3 OLR-type mode, similar to what we found in Fig. 14 for the data prior to 2010, although no mode of this period was found in the occultation data. No evidence was found for an m = 5 ILR-type mode.
In this subsection, we have confirmed that 2 years after Janus moved outward, the ring is no longer appreciably influenced by the 7:6 Janus ILR. However, we do find normal modes for m = 9 and m = 12 in both occultation and imaging data sets. Moreover, as in the period prior to 2010, we also find evidence in the imaging data for an OLR-type mode with m = 3. However, we note that the minimum RMS in Fig. 24 corresponds to Ω p = 798.65 ± 0.25 • day −1 , which is significantly slower than the m = 3 pattern speed seen prior to 2010 in Fig. 14 . 
Interpretations and discussions
Perturbations due to the Janus 7:6 resonance
It is no surprise that, prior to January 2010, the radial perturbations of the A ring's outer edge are dominated by the 7:6 ILR with Janus. During this period, this strong resonance was located within a few km of the mean radius of the edge (cf. Fig. 2 ). Our results are consistent with those of Spitale and Porco (2009) However, when Janus is on the outer leg of its co-orbital motion, the behavior of the edge is unclear. Spitale and Porco (2009) found the ring edge to be perturbed in the interval a few months prior to the orbital swap in January 2006, but with a smaller amplitude and in an apparently disorganized manner. They suggested that this situation reflected the onset of the swap, and noted also that a stable m = 7 pattern only established itself about 8 months after the orbital exchange was complete. Our data, both from occultations and imaging sequences, show a complete absence of any recognizable m = 7 signature between July 2012 and the end of 2013, but unfortunately we have no suitable data taken immediately after the coorbital swap in January 2010. Interestingly, this interval (when the Janus 7:6 ILR was located ∼ 15 km exterior to the A ring's outer edge) corresponds to the same phase of the coorbital libration when the Voyager encounters occurred, which raises the question of how Porco et al. (1984) were able to identify an m = 7 signature in their data. Either the resonant forcing was stronger at that time, or the very limited number of Voyager measurements (a total of ten, nine of which were made over a period of a few days by Voyager 2) may have led to a misidentification of the nature of the perturbations. In this context, we note that (i) the Porco et al. (1984) amplitude is only about one-half that seen in 2006-2009; (ii) the limited temporal sampling of the Voyager data permitted multiple solutions, with pattern speeds differing by integer multiples of 0.18 • day −1 (see their Fig. 2 ), from which they chose the value that most closely matched the coorbitals' mass-weighted average mean motion of 518.29 • day −1 ; and (iii) the Voyager data actually sampled only four of the putative 7 lobes (see their Fig. 3 ). In hindsight, the near-coincidence between the strong Janus 7:6 ILR and the outer edge of the A ring may have unduly limited the range of models they considered.
In fairness, we should also note that Porco et al. (1984) suggested a very different way to visualize and model the coorbital satellite's ILRs than that adopted here (as illustrated in Fig.  2 above) and by Spitale and Porco (2009) . In our picture, each satellite generates its own 7:6 ILR, separated by 43 km from one another, and these two resonances shift abruptly in radius and pattern speed when the satellites exchange orbits every 4 years and Janus' mean motion alternates between 518.238 • day −1 and 518.345 • day −1 (Jacobson et al. 2008 ). In the model adopted by Porco et al. (1984) , this explicit time dependence is dropped and the two discrete ILRs are replaced by a series of closely-spaced sub-resonances centered on the mass-weighted average mean motion of 518.2918 • day −1 . The resonance spacing is Ω L /7 0.0176 • day −1 , where 2π/Ω L is the coorbital libration period of 8 years. Porco et al. (1984) noted that four of these sub-resonances fell within the ±1σ error bounds of their best-fitting pattern speed of 518.31 ± 0.04 • day −1 . In this scenario, there is no obvious reason for the 7-lobed perturbation at the edge of the A ring to change either its amplitude or pattern speed at each orbital swap. However, our observations are inconsistent with this picture, and support instead the model described in Fig. 2 .
But the ring is certainly not unperturbed in the period when Janus is in its outer orbital position and its ILR is located well outside the ring edge. The occultation and imaging data after January 2010 instead show strong evidence for ILR-type normal modes with m = 9 and 12. Both before and after 2010, the imaging data also consistently show evidence for an m = 4 perturbation in the keplerian frame. As noted in section 4.1 above, the latter could reflect either an ILR-type mode with m = 5, and/or an OLR-type mode with m = −3 3 . In the next two subsections, we will investigate possible explanations for these unexpected perturbations.
Normal ILR-modes and OLR-modes
With the exception of the m = 7 mode, which is undoubtedly forced by the Janus 7:6 resonance, and the OLR-type m = −3 mode seen in the imaging data, all of the remaining perturbations are consistent with ILR-type normal modes spontaneously generated at the edge of the ring. As described by Nicholson et al. (2014b) , such modes can be thought of as arising when an outwardpropagating trailing spiral density wave, driven at a resonant location just interior to the ring edge, reflects at the sharp outer edge to form an inward-propagating leading wave. The leading wave, in turn, reflects at the Lindblad resonance to reinforce the outward-propagating trailing wave, resulting in a standing wave that exists only in the narrow range between the resonance and the ring edge. For a given value of m, the pattern speed of such a standing wave is given by Eq. (2), where the mean motion and apsidal precession rate are evaluated at the Lindblad resonance.
We can test this interpretation by using the observed value of Ω p for each mode to calculate the corresponding resonance location, a res , and thus the offset ∆a p = a res − a 0 , where a 0 136,770 km is the mean radius of the A-ring edge. For each fitted mode, the last column of Table 8 lists the calculated value of ∆a p . We find that, as expected, all values are negative, ranging from −13 km for m = 3 to −4 km for m = 12. Although by no means perfect, there is also a general trend for ∆a p to decrease in magnitude as m increases, in agreement with theoretical expectations for the resonant-cavity model (Spitale and Porco 2010; Nicholson et al. 2014a ). We note also that, as density waves of a given pattern speed and m-value propagate only in the regions exterior to ILR and interior to OLR, only ILR-type normal modes are expected to be found at the outer edge of a broad ring, in agreement with the occultation data.
From Eq. (19) of Nicholson et al. (2014a) , which is based on the dispersion relation for density waves, we can use the calculated values of ∆a p to estimate the surface density of the outermost part of the A ring. We find values ranging from 2.4 g.cm −2 (m=2) to 12.9 g.cm −2 (m=5), with an average of 8.4 g.cm −2 . This is significantly less than typical A ring values of 30 − 40 g.cm −2 (Tiscareno et al. 2007 ), but might reflect the increasing fraction of small particles in this region (Cuzzi et al. 2009 ). Given the mass densities are so low, the dynamics of these sorts of normal modes are still unclear and might not yield robust mass estimates.
Saturn Tesseral resonances
After the m = 7 perturbation due to the Janus resonance, the most persistent periodic signature in the imaging data for the interval 2006-2009 is an m = 4 mode in the local or keplerian frame (see Table 2 and Fig. 10 ). As noted in Section 4.1, this could represent either an m = 5 ILR-type mode or an m = −3 OLR-type mode, following Eq. (9). Phase analysis of these data, shown in Figs. 13 and 14 suggests that indeed both modes are present though the pattern speed for m = 5 differs significantly from the predicted value. After 2010, we again see evidence for an m = 4 perturbation in the local frame (see Table 3 and Fig. 19 ), but in this case phase analysis reveals only the m = −3 mode (see Fig. 24 ) albeit with a lower pattern speed. The occultation data, however, do not confirm the presence of any significant OLR-type modes, including m = −3, either prior to or after 2010. How can these apparently-contradictory results be reconciled, and what might be the source of such a perturbation?
Looking first at the second problem, we note that only ILR-type normal modes are expected at a sharp outer ring edge, such as that of the A ring. The only known examples of OLR-type normal modes are found at inner ring edges or in very narrow ringlets (Nicholson et al. 2014b) . Furthermore, all first-order, satellite-driven Lindblad resonances in the rings are ILRs 4 , since their pattern speeds are less than ring particle mean motions (cf. Eq. (2) above). There is, however, one potential source of non-axisymmetric gravitational perturbations with Ω P > n, and that is Saturn itself. Such resonances are known as tesseral resonances, and they are closely related to satellite-driven Lindblad resonances (Hamilton 1994) . For a particular component of the planet's gravity field with m-fold axial symmetry, the resonance locations are given by Eq. (2), which we may rewrite as:
where here the pattern speed Ω p is equal to the planet's interior rotation rate. The upper (lower) sign corresponds to an inner (outer) tesseral resonance, where n > Ω p (n < Ω p Saturn's kilometric radio emission (SKR) (Gurnett et al. 2007 ). These are equivalent to Lorentz resonances, where the disturbance arises from the magnetic field (Burns et al. 1985) .
A clue to our first problem, that of the absence of an m = −3 signature in the occultation data, is provided by the observation that, while our best fit to the imaging data prior to 2010 is for Ω p = 802.76 • day −1 (cf. Fig. 14) , the best fit after 2010 is for Ω p = 798.65 • day −1 (Fig. 24) . Indeed, if we subdivide the data into even shorter time intervals we find various values of Ω p which differ by a few degrees per day. This suggests that the fundamental driving frequency for this perturbation is either drifting or changing irregularly over the 8-year interval of our observations. Such a variation could easily result in a non-detection in the occultation data, as these fits presuppose a regular, coherent perturbation extending throughout the fitted period; any variations in Ω p greater than (1 − 2) • day −1 would result in scrambling the phase of the signal in the typical interval of several months between occultations.
Supporting evidence for other tesseral resonances in Saturn's rings has been reported in previous studies of Cassini imaging and occultation data. In their examination of non-axisymmetric structures in images of the tenuous D and G rings, as well as the Roche division (the region immedi-ately exterior to the A ring), Hedman et al. (2009) found strong evidence for multiple perturbations with rotation periods between 10.52 and 10.82 hours (798.5 • day −1 ≤ Ω p ≤ 820.5 • day −1 ). In the D ring over a radial range of ∼ 1300 km they identified a whole series of m = 2 perturbations with the 2:1 ITR (in our notation), while the Roche division showed an m = 3 perturbation that they attributed to the 3:4 OTR. Again the observed periods mostly fall within the range of reported SKR periods of 797 − 817 • day −1 (Lamy et al. 2011) , and are close to what is generally assumed to be Saturn's interior rotation rate of ∼ 818 • day −1 based on minimizing the potential vorticity and dynamics heights (Anderson and Schubert 2007; Read et al. 2009 ). But because both the D ring and Roche division are dominated by small (< 100 µm) dust grains, and because of the multiplicity of pattern speeds found, Hedman et al. (2009) attributed the source of the perturbations to electromagnetic interactions with the planet's magnetic field (Burns et al. 1985) , rather than to gravitational perturbations. More recently, Hedman and Nicholson (2014) reported the identification of five weak density waves seen in occultation data for the outer C ring with m = +3 ILR-type resonances. Comparison of the density wave phases between stellar occultations up to 300 days apart permitted them to determine accurate pattern speeds for the waves, which fell in the range 807.7 • day −1 ≤ Ω p ≤ 833.6 • day −1 . In all likelihood, these five C-ring waves are driven by the 3:2 ITR, but in this case the driving force is clearly gravitational rather than electromagnetic. If we can apply the same interpretation to the m = −3 perturbations seen at the outer edge of the A ring, then both this distortion and the C ring density waves would be driven by the same m = 3 nonaxisymmetric term in Saturn's gravity field: in one case we see the 3:2 ITR and the other the 3:4 OTR. But what then does one make of the wide range of pattern speeds seen for these resonantly-forced structures? Hedman and Nicholson (2014) point out (see their Fig. 13 ) that the values of Ω p derived from the density waves, while varying by > 3%, all lie within the range of rotation rates reported for Saturn's atmospheric winds and radio emissions. The same may be said for the possible electromagnetic signatures found by Hedman et al. (2009) .
We hypothesize, therefore, that (i) the strong differential rotation seen at Saturn's cloud tops extends quite deeply into the planet, and (ii) there exist local mass or density anomalies in the planet's interior -perhaps associated with low-wavenumber global waves -that give rise to gravitational signatures affecting the rings. At present, there are insufficient data to constrain the depth or magnitude of these anomalies, but Hedman and Nicholson (2014) estimated an approximate mass of 10 14 − 10 15 kg needed to drive the density waves in the C ring. A similar argument applied to the A-ring edge waves, which have an amplitude of ∼ 5 km suggests a mass ∼ 1/3 that of Janus, or ∼ 10 18 kg [∆ a /km] where ∆ a = a res − a edge .
In future studies, we plan to examine additional A-ring edge images, in the hope of better characterizing the m = −3 perturbations, and to look for evidence of additional tesseral resonances elsewhere in Saturn's main rings.
Conclusions
Our analysis of 8 years of Cassini imaging and occultation data confirms that, for the period between 2006 and 2010, the radial perturbation of the A ring's outer edge is dominated by the 7:6 Janus ILR. However, between 2010 and 2014, the Janus/Epimetheus orbit swap moves the Janus 7:6 LR away from the A ring's outer edge, and the 7-lobed pattern disappears. Moreover, we have identified a variety of normal modes at the edge of the A ring, with values of "m" ranging from 3 to 18 and appropriate pattern speeds. These modes may represent waves trapped in resonant cavities at the ring edge Porco 2010, Nicholson et al 2014) . Futhermore, we identified some other signatures, with m = −3 consistent with tesseral resonances that might be associated with gravitational inhomogeneities in Saturn's interior. One possible explanation for the m = −3 mode is the 3:4 outer tesseral resonance, which would imply that asymmetries in Saturn's interior are responsible, in part, for the complex structure seen on the outer edge of the A ring. These signatures may provide information about differential rotation in Saturn's interior. 
